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CONFORMAL SYMMETRY SUPERALGEBRAS
PAUL DE MEDEIROS AND STEFAN HOLLANDS
ABSTRACT. We show how the rigid conformal supersymmetries associated with a certain class of
pseudo-Riemannian spin manifolds define a Lie superalgebra. The even part of this superalgebra con-
tains conformal isometries and constant R-symmetries. The odd part is generated by twistor spinors
valued in a particular R-symmetry representation. We prove that any manifold which admits a con-
formal symmetry superalgebra of this type must generically have dimension less than seven. Moreover,
in dimensions three, four, five and six, we provide the generic data from which the conformal symmetry
superalgebra is prescribed. For conformally flat metrics in these dimensions, and compact R-symmetry,
we identify each of the associated conformal symmetry superalgebras with one of the conformal su-
peralgebras classified by Nahm. We also describe several examples for Lorentzian metrics that are not
conformally flat.
CONTENTS
1. Introduction 2
2. Preliminaries 3
2.1. Tensors, vectors and conformal Killing vectors 3
2.2. Clifford modules, spinors and twistor spinors 4
3. Conformal structure 6
4. Spinorial bilinear forms 6
4.1. Complex case 8
4.2. Real case 9
5. Conformal symmetry superalgebras 10
5.1. Brackets 10
5.2. Conformal invariance 11
5.3. Jacobi identities 12
5.4. Real forms 12
6. Comparison with Nahm for conformally flat metrics 14
7. Some non-trivial examples in Lorentzian signature 15
7.1. Brinkmann waves 16
7.2. Lorentzian Einstein-Sasaki manifolds 17
7.3. Fefferman spaces 17
7.4. Direct products 18
Acknowledgments 19
References 19
Date: 9th October 2018.
1
ar
X
iv
:1
30
2.
72
69
v2
  [
he
p-
th]
  3
 Ju
n 2
01
3
2 DE MEDEIROS AND HOLLANDS
1. INTRODUCTION
Supersymmetry multiplets may be either rigid or local, according to whether or not the dependence
of the supersymmetry parameter on the background geometry is constrained. Local supermultiplets
are coupled to supergravity with a dynamical background metric. By contrast, in the case of rigid
supermultiplets, the metric is non-dynamical, and the supersymmetry parameter obeys a differential
equation involving the metric and possibly other non-dynamical background fields.
An important source of examples for constructing theories on curved backgrounds with rigid super-
symmetry actually arises from supersymmetric backgrounds in supergravity. The constraint on the
supersymmetry parameter here comes from setting to zero the supersymmetry variation of the fermi-
onic fields in the supergravity multiplet. Beside their intrinsic interest, it is often possible to construct
field theory multiplets with rigid supersymmetry on such backgrounds, as has been described in some
detail in the recent literature [1–15].
A well-established feature of supersymmetric supergravity backgrounds is that they inherit a rigid Lie
superalgebra structure, known as the symmetry superalgebra of the background [16–20]. The even
part of this superalgebra contains the Killing vectors which generate isometries of the background.
The odd part is generated by the rigid supersymmetries supported by the background. The image
of the odd-odd bracket for the symmetry superalgebra spans a Lie subalgebra of Killing vectors for
the background. This Lie subalgebra, together with the rigid supersymmetries, generate another rigid
Lie superalgebra structure, called the Killing superalgebra, which forms an ideal of the symmetry
superalgebra. The utility of this construction is that it often allows one to infer important geometrical
properties of the background directly from the rigid supersymmetry it supports. For example, in
ten and eleven dimensions, it has recently been proven [21] that any supersymmetric supergravity
background possessing more than half the maximal amount of supersymmetry is necessarily (locally)
homogeneous.
The purpose of this note is to describe a similar construction for a class of backgrounds which sup-
port rigid conformal supersymmetry generated by twistor spinors. This idea is not new and some
previous attempts to define a Lie superalgebra structure for manifolds admitting twistor spinors can
be found in [22–24] (see also [25] for the construction of Schrödinger superalgebras which do not in-
volve twistor spinors). What distinguishes our construction is the inclusion of non-trivial R-symmetry
which turns out to be crucial in order to solve the odd-odd-odd component of the Jacobi identity for
the superalgebra. The defining condition for twistor spinors is conformally invariant and they fur-
nish backgrounds on which rigid superconformal field theories may be defined, e.g. following the
conformal coupling procedure described in [8]. 1 Furthermore, at least in Euclidean and Lorentzian
signatures, conformal equivalence classes of geometries admitting twistor spinors have been classi-
fied [27–31]. It is important to stress that the concept of twistor spinors we shall adhere to is entirely
geometrical and unencumbered by the additional data (e.g. background fluxes and auxiliary fields)
typically associated with a supergravity background. That is, we shall deal with what one might call
‘geometric’ twistor spinors, for which their defining condition is with respect to the Levi-Cività con-
nection. It is possible to generalise our construction using twistor spinors defined with respect to a
more elaborate superconnection for conformal supergravity backgrounds though we shall not explore
that generalisation here.
Our aim is simply to ascribe a real Lie superalgebra to a conformal equivalence class of pseudo-
Riemannian metrics on a spin manifold which admits a twistor spinor. This Lie superalgebra will
1Our forthcoming paper [26], which develops this construction for field theories with extended rigid supersymmetry,
was in fact the original motivation for the present study.
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be referred to as the conformal symmetry superalgebra of the background. The even part of this
superalgebra contains not only conformal Killing vectors for the background but also constant R-
symmetries. The odd part is generated by twistor spinors valued in a particular representation of the
R-symmetry. The image of the odd-odd bracket for the conformal symmetry superalgebra spans a Lie
subalgebra of conformal Killing vectors and constant R-symmetries. This Lie subalgebra, together
with the twistor spinors in the odd part, generate another rigid Lie superalgebra structure, that we
will call the conformal Killing superalgebra, which forms an ideal of the conformal symmetry su-
peralgebra. We show that generic backgrounds admitting a conformal symmetry superalgebra must
have dimension less than seven. Moreover, in dimensions three, four, five and six, we show that any
manifold admitting twistor spinors generically inherits a conformal symmetry superalgebra with R-
symmetry in a Lie subalgebra of a particular real form of soN , glN , sp1 and spN respectively over C
(for some positive integer N). For the class of conformally flat metrics in these dimensions, if the
R-symmetry Lie algebra is compact, we identify the conformal symmetry superalgebra with one of
the conformal superalgebras classified by Nahm in [32]. We shall exclude dimension two, where any
pseudo-Riemannian metric is locally conformally flat, since then the associated conformal symmetry
superalgebra is just as in flat space. We will also describe several examples of conformal Killing su-
peralgebras for non-trivial conformal classes of Lorentzian metrics on manifolds that admit a twistor
spinor.
2. PRELIMINARIES
Let M be a differentiable manifold (with real dimension m) equipped with pseudo-Riemannian metric
g. The Levi-Cività connection of g will be denoted by ∇. It will be assumed that M has vanishing
second Stiefel-Whitney class so the bundle SO(M) of oriented pseudo-orthonormal frames lifts to
Spin(M) by the assignment of a spin structure.
2.1. Tensors, vectors and conformal Killing vectors. Let T (M) denote the space of tensor fields
on M (i.e. sections of the bundle of tensors over M). The Lie derivative LX along a vector field
X on M defines an endomorphism of T (M). Such endomorphisms are induced by infinitesimal
diffeomorphisms on M. For any T,T ′ ∈T (M), the Lie derivative obeys LX(T +T ′) = LXT +LXT ′
and LX(T ⊗T ′) = LXT ⊗T ′+T ⊗LXT ′, for any vector field X on M.
Let X(M) denote the space of vector fields on M. The skewsymmetric bilinear map
[−,−] : X(M)×X(M) → X(M)
(X ,Y ) 7→ LXY = ∇XY −∇YX , (1)
obeys the Jacobi identity and thus furnishes X(M) with the structure of a Lie algebra. The Lie deriv-
ative obeys identically
[LX ,LY ] = L[X ,Y ] , (2)
for all X ,Y ∈ X(M) and so defines on T (M) a representation of the Lie algebra of vector fields.
The subspace of conformal Killing vector fields in X(M) is given by
Xc(M) = {X ∈ X(M) | LXg=−2σXg} , (3)
for some function σX on M. Relative to a basis {eµ} on X(M), σX =− 1m∇µXµ , for all X ∈ X(M). If
X ,Y ∈Xc(M) then [X ,Y ] ∈Xc(M). Whence, the restriction of the Lie bracket to Xc(M) defines a Lie
subalgebra of conformal Killing vector fields on M.
Any X ∈ Xc(M) with σX = 0 is a Killing vector field and restricting the Lie bracket on Xc(M) to the
subspace of Killing vector fields on M defines a Lie subalgebra.
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2.2. Clifford modules, spinors and twistor spinors. Let C`(TM) denote the Clifford bundle over
M with defining relation
XY +XY = 2g(X ,Y )1 , (4)
for all X ,Y ∈ X(M). To each multivector field φ on M there is an associated section φ of C`(TM).
This reflects the fact that, at each point x ∈M, the exterior algebra of TxM is isomorphic, as a vector
space, to the Clifford algebra C`(TxM) (the metric g and its inverse provide a duality between mul-
tivector fields and differential forms on M). With this isomorphism understood, we let {eµ1...µk |k =
0,1, ...,m} denote a basis for sections of C`(TM) such that
eµ1...µk = e[µ1...eµk] ≡
1
k! ∑σ∈Sk
(−1)|σ |eµσ(1)...eµσ(k) , (5)
for degree k> 0 (i.e. unit weight skewsymmetrisation of k distinct degree one basis elements) and the
identity element 1 for k= 0. The element e1...m of maximal degree m is proportional to an idempotent
element Ω that is associated with the volume form Ω for the metric g on M. For m odd, Ω is central.
For m even, ΩX =−XΩ for all X ∈ X(M).
The Clifford algebra C`(TxM) is Z2-graded such that elements with even and odd degrees are as-
signed grades 0 and 1 respectively. The grade 0 elements span an ungraded associative subalgebra
C`0(TxM)< C`(TxM). The degree two elements span a Lie subalgebra so(TxM)< C`0(TxM), where
C`0(TxM) is understood as a Lie algebra whose brackets are defined by commutators.
At each point x∈M, the set of invertible elements in C`(TxM) forms a multiplicative group C`×(TxM).
The tangent vectors X ∈ C`(TxM) with g(X ,X) =±1 generate the subgroup Pin(TxM)< C`×(TxM).
The group Spin(TxM) = Pin(TxM)∩C`0(TxM), which also follows by exponentiating so(TxM) <
C`0(TxM).
The pinor module is defined by the restriction to Pin(TxM) of an irreducible representation of C`(TxM).
Every Clifford algebra is isomorphic, as an associative algebra with unit, to a matrix algebra and it is a
simple matter to deduce their irreducible representations. The spinor module is defined by the restric-
tion to Spin(TxM) of an irreducible representation of C`0(TxM). Note that restricting to Spin(TxM)
an irreducible representation of C`(TxM) need not define an irreducible spinor module. For m even,
C`(TxM) has a unique irreducible representation which descends to a reducible representation when
restricted to Spin(TxM), yielding a pair of inequivalent irreducible (chiral) spinor modules associ-
ated with the two eigenspaces of Ω on which Ω = ±1. For m odd, C`(TxM) has two inequivalent
irreducible representations which are isomorphic to each other when restricted to Spin(TxM). The
isomorphism here is provided by the central element Ω and corresponds to Hodge duality in the ex-
terior algebra. In either case, the spinor module defined at each point in M defines a principle bundle
Spin(M) and its associated vector bundle is called the spinor bundle over M.
Let S(M) denote the space of spinor fields on M (i.e. sections of the spinor bundle over M). For
m even, S(M) = S+(M)⊕S−(M), where S±(M) denote the subspaces of chiral spinor fields on
which Ω =±1. The action of ∇ induced on S(M) is compatible with the Clifford action, i.e.
∇X(Yψ) = (∇XY )ψ+Y∇Xψ , (6)
for all X ,Y ∈ X(M) and ψ ∈S(M). Furthermore
[∇X ,∇Y ]ψ = ∇[X ,Y ]ψ+ 12R(X ,Y )ψ , (7)
for all X ,Y ∈ X(M) and ψ ∈ S(M), where R(X ,Y ) = 12XµY νRµνρσeρσ in terms of the Riemann
tensor Rµνρσ of g.
Now consider a map p : X(M)→ EndS(M) for which
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• p is independent of the choice of pseudo-orthonormal frame on M.
• pX( fψ) = X( f )ψ+ fpXψ , for all X ∈ X(M), f ∈C∞(M) and ψ ∈S(M).
• pX(Yψ) = [X ,Y ]ψ+Y pXψ , for all X ,Y ∈ X(M) and ψ ∈S(M).
It is readily verified that any such map is necessarily of the form
pX = LX +αX , (8)
acting on S(M), for all X ∈ X(M), where
LX = ∇X + 18dX
[ , (9)
and αX is an arbitrary central element in the Clifford algebra. For any X ∈ X(M), X [ denotes its dual
one-form with respect to g, i.e. X [(Y ) = g(X ,Y ) for all Y ∈ X(M). For any X ∈ Xc(M), (9) defines a
spinorial Lie derivative [33–36].
It is useful to note that
[LX ,∇Y ]ψ = ∇[X ,Y ]ψ+ 14dσ X∧Y [ψ
[LX ,∇]ψ = σX∇ψ−
(m−1
2
)
∇σ Xψ , (10)
for all X ∈ Xc(M), Y ∈ X(M) and ψ ∈S(M).
For any X ,Y ∈ Xc(M), one finds that
[pX ,pY ] = p[X ,Y ] , (11)
provided
∇XαY −∇YαX = α[X ,Y ] . (12)
Whence, any α obeying (12) defines onS(M) a representation of the Lie algebra of conformal Killing
vector fields. A solution of (12) is obtained by taking αX proportional to σX1, for all X ∈ Xc(M). In
particular, the representation defined by
LˆX = LX +
1
2σX1 , (13)
for all X ∈ Xc(M) is known as the Kosmann-Schwarzbach Lie derivative.
The subspace of conformal Killing (or twistor) spinor fields in S(M) is given by
Sc(M) = {ψ ∈S(M) | ∇Xψ = 1mX∇ψ , ∀X ∈ X(M)} . (14)
Any ψ ∈ Sc(M) with ∇ψ = µψ , for some constant µ , is said to be Killing if µ 6= 0 or parallel if
µ = 0. The constant µ will be referred to as the Killing constant of a Killing spinor ψ .
We define the Penrose operator
PX = ∇X − 1mX∇ , (15)
which acts on S(M) along any X ∈ X(M). Whence, kerP is precisely Sc(M).
It is useful to note that
[LˆX ,PY ]ψ = P[X ,Y ]ψ , (16)
for all X ∈ Xc(M), Y ∈ X(M) and ψ ∈ S(M). Whence, ψ ∈ Sc(M) implies LˆXψ ∈ Sc(M) for all
X ∈ Xc(M).
It is also worth noting that the defining equation for twistor spinors implies
∇X∇ψ = m2 K(X)ψ , ∇
2ψ =− m4(m−1)Rψ , (17)
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for all X ∈ X(M) and ψ ∈Sc(M), where K(X) = XµKµνeν in terms of the Schouten tensor Kµν =
1
m−2
(
−Rµν + 12(m−1) gµν R
)
, Ricci tensor Rµν and scalar curvature R of g. Combining (17) with (7)
implies the integrability condition
W (X ,Y )ψ = 0 , (18)
for all X ,Y ∈X(M) and ψ ∈Sc(M), whereW (X ,Y ) = 12XµY νWµνρσeρσ in terms of the Weyl tensor
Wµνρσ = Rµνρσ +gµρKνσ −gνρKµσ −gµσKνρ +gνσKµρ .
3. CONFORMAL STRUCTURE
A Weyl transformation maps g 7→ ω2g, for some nowhere-vanishing function ω ∈C∞(M). Any such
Weyl transformation is compatible with the spin structure on M provided X 7→ωX andψ 7→ω 12ψ , for
all X ∈ X(M) and ψ ∈S(M). If a field Φ 7→ ωwΦΦ under a Weyl transformation, for some wΦ ∈ R,
it is said to have definite weight wΦ.
It is useful to note that the Penrose and Dirac operators do not transform with definite weight under
Weyl transformations, but rather
PX 7→ ω
1
2PXω−
1
2
∇ 7→ ω−12 (m+1)∇ω 12 (m−1) , (19)
for all X ∈X(M). The transformation of the Penrose operator in (19) implies that the space of twistor
spinors Sc(M) is Weyl-invariant. This means that the definition of Sc(M) with respect to a given
metric g on M with fixed spin structure extends trivially to the conformal equivalence class [g] of
metrics on M that are related to g by a Weyl transformation. It is also worth noting that the Christoffel
symbols Γρµν = 12g
ρσ (∂µgνσ +∂νgµσ −∂σgµν) transform as
Γρµν 7→ Γρµν +ω−1(δρµ ∂νω+δρν ∂µω−gµνgρσ∂σω) , (20)
under a Weyl rescaling of g.
Using (19) and (20), it follows that the spinorial Lie derivative in (9) transforms such that
LXψ 7→ ω
1
2LXψ+ 12ω
−12 (∂Xω)ψ , (21)
for all X ∈ X(M) and ψ ∈Sc(M). Consequently, the Kosmann-Schwarzbach Lie derivative in (13)
transforms such that
LˆXψ 7→ ω
1
2 LˆXψ , (22)
for all X ∈ X(M) and ψ ∈Sc(M). Whence wLˆXψ = wψ = 12 for any X ∈ X(M). For X ∈ Xc(M), this
is as expected since LˆXψ ∈Sc(M) from (16).
4. SPINORIAL BILINEAR FORMS
Let 〈−,−〉 denote a non-degenerate bilinear form on S(M) which obeys
X〈ψ,χ〉= 〈∇Xψ,χ〉+ 〈ψ,∇Xχ〉 , (23)
for all X ∈ X(M) and ψ,χ ∈ S(M). At any x ∈ M, (23) is equivalent to 〈−,−〉 being Spin(TxM)-
invariant. For m even, this implies 〈Ωψ,χ〉= (−1)p 〈ψ,Ωχ〉, where p= bm2 c. Whence,
〈ψ±,χ∓〉= 0 if p is even
〈ψ±,χ±〉= 0 if p is odd , (24)
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for all ψ±,χ± ∈S±(M). The projection operators P± = 12(1±Ω) define ψ± = P±ψ ∈S±(M), for
any ψ ∈S(M).
To any pair ψ,χ ∈S(M), let us assign a vector field ξψ,χ defined such that
g(X ,ξψ,χ) = 〈ψ,Xχ〉 , (25)
for all X ∈X(M). From the results in section 3, it follows that ξψ,χ is Weyl-invariant. Furthermore, it
is worth noting that
〈ψ,∇χ〉 7→ 〈ψ,∇χ〉+ m
2
ω−1∂ξψ,χω , (26)
under a Weyl transformation, for all ψ,χ ∈S(M).
It is useful to note that
LXξψ,χ = ξLˆXψ,χ +ξψ,LˆXχ , (27)
for all X ∈Xc(M) and any ψ,χ ∈S(M), in terms of the Kosmann-Schwarzbach Lie derivative on the
right hand side. Furthermore, it follows that ξψ,χ ∈ Xc(M) if ψ,χ ∈Sc(M).
Now let the dual ψ of any ψ ∈S(M) with respect to 〈−,−〉 be defined such that ψχ = 〈ψ,χ〉, for
all χ ∈S(M). If ψ,χ ∈S(M) then ψχ ∈ EndS(M). At each point x ∈M, we may express any such
endomorphism of the spinor module in terms of the action of C`(TxM), relative to the basis defined
in (5). This expression is called a Fierz identity and follows using the identities
tr(eµ1...µke
ν1...νl) =
{
(−1)b k2ck!δ ν1
[µ1
...δ νkµk] tr(1) if k = l
0 if k 6= l ,
(28)
involving the canonical trace form tr for the matrix representation.
For m odd, this yields
ψχ =
1
2p
p
∑
k=0
(−1)b k2 c
k!
(χeµ1...µkψ)eµ1...µk , (29)
for all ψ,χ ∈S(M).
For m= 0 mod 4, this yields
ψ±χ± =
1
2p−1
 p2−1∑
k=0
(−1)k
(2k)!
(χ±e
µ1...µ2kψ±)eµ1...µ2k +
(−1)
p
2
2 p!
(χ±e
µ1...µpψ±)eµ1...µp
P±
ψ±χ∓ =
1
2p−1
p
2−1
∑
k=0
(−1)k
(2k+1)!
(χ∓e
µ1...µ2k+1ψ±)eµ1...µ2k+1P∓ , (30)
for all ψ±,χ± ∈S±(M).
For m= 2 mod 4, this yields
ψ±χ± =
1
2p−1

p−3
2
∑
k=0
(−1)k
(2k+1)!
(χ±e
µ1...µ2k+1ψ±)eµ1...µ2k+1 +
(−1)
p−1
2
2 p!
(χ±e
µ1...µpψ±)eµ1...µp
P∓
ψ±χ∓ =
1
2p−1
p−1
2
∑
k=0
(−1)k
(2k)!
(χ∓e
µ1...µ2kψ±)eµ1...µ2kP± , (31)
for all ψ±,χ± ∈S±(M).
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Spin-invariant bilinear forms on S(M) have been classified [37–39] and their type depends on both
the dimension m and the signature of g. To facilitate our understanding of these types, we need
first to review a few more details concerning the classification of Clifford algebras and their spinor
representations. We begin with the simpler case of complex Clifford algebras before discussing their
real forms. See [37] for a more detailed account of these results.
We shall employ the following notation in our description of the relevant modules. Let K(N) =
MatN(K) denote the associative algebra of N×N matrices with entries in a field K = R,C,H, and
let 2K(N) =K(N)⊕K(N). The matrix algebra K(N) defines a Lie algebra glN(K), with Lie bracket
defined by the matrix commutator. We will refer to the representation of a Lie algebra as being of type
K if it can be realised in terms of a matrix algebra over ground field K acting on a K-vector space.
4.1. Complex case. Let us define C`(TM) = C`(TCM), as the Clifford bundle associated with the
complexified tangent bundle TCM = TM⊗R (M×C). At each point x ∈M, C`(TxM) is isomorphic
to the complexification of C`(TxM). This complex Clifford algebra will be denoted by C`(m). The
complex-bilinear extension of g required to define C`(TM) renders its signature immaterial.
A fundamental isomorphism for complex Clifford algebras is C`(m+ 2) ∼= C`(m)⊗C`(2). Since
C`(0)∼= C, C`(1)∼= 2C and C`(2)∼= C(2), it follows that
C`(m)∼=
{
C(2p) if m is even
2C(2p) if m is odd .
(32)
The pinor module is therefore
P∼=
{
C2p if m is even
2C2p if m is odd .
(33)
Another important isomorphism is C`0(m+1)∼= C`(m), as ungraded associative algebras. Whence,
C`0(m)∼=
{
2C(2p−1) if m is even
C(2p) if m is odd .
(34)
The spinor module is therefore
S∼=
{
2C2p−1 if m is even
C2p if m is odd .
(35)
For m even, S is reducible and it reduces to the direct sum of two irreducible chiral spinor modules
S±∼=C2p−1 . The irreducible modules S± correspond to the two eigenspaces of the idempotent element
Ω = ip e1...m ∈ C`(m), with respective eigenvalues ±1.
It can be shown that every spin-invariant bilinear form C on S obeys
C(ψ,χ) = σCC(χ,ψ) , C(Xψ,χ) = τCC(ψ,Xχ) , (36)
for allψ,χ ∈ S and X ∈Cm, in terms of some fixed pair of signs σC and τC. From the second condition
in (36), it follows that C(Ωψ,χ) = τmC (−1)pC(ψ,Ωχ). For m odd, this implies τC = (−1)p. For m
even, in addition to C, one can define a new spin-invariant bilinear form C′(−,−) = C(−,Ω−) with
σC′ = (−1)pσC and τC′ = −τC. Whence, a spin-invariant bilinear form with τ = −1 can always be
chosen if m is even. Any such bilinear form has the virtue of being C`(m)-invariant and we shall
always select this one when m is even. For any m, this fixes σ = (−1)
p(p+1)
2 . Henceforth, the
properties in (36) with the aforementioned sign choices for σ and τ will be ascribed to 〈−,−〉.
CONFORMAL SYMMETRY SUPERALGEBRAS 9
4.2. Real case. Let us assume that g has s positive and t negative eigenvalues at each point x ∈M.
Thus m = s+ t and let n = t − s denote the signature of g. The Clifford algebra C`(TxM) will be
denoted by C`(s, t). Note that C`(s, t)⊗RC∼= C`(m).
Three fundamental isomorphisms for real Clifford algebras are
C`(s+2,0)∼= C`(0,s)⊗C`(2,0)
C`(s+1, t+1)∼= C`(s, t)⊗C`(1,1)
C`(0, t+2)∼= C`(t,0)⊗C`(0,2) . (37)
Since C`(0) ∼= R, C`(1,0) ∼= 2R, C`(0,1) ∼= C, C`(2,0) ∼= R(2) ∼= C`(1,1) and C`(0,2) ∼= H, it
follows that
C`(s, t)∼=

R(2p) if n= 0,6 mod 8
2R(2p) if n= 7 mod 8
C(2p) if n= 1,5 mod 8
H(2p−1) if n= 2,4 mod 8
2H(2p−1) if n= 3 mod 8 .
(38)
The matrix algebra isomorphisms K(N)⊗RR(N′) ∼= K(NN′), C⊗RC ∼= 2C, C⊗RH ∼= C(2) and
H⊗RH ∼= R(4) are useful in deriving this classification of real Clifford algebras. The pinor module
is therefore
P∼=

R2p if n= 0,6 mod 8
2R2p if n= 7 mod 8
C2p if n= 1,5 mod 8
H2p−1 if n= 2,4 mod 8
2H2p−1 if n= 3 mod 8 .
(39)
Two further important ungraded isomorphisms are C`0(s+1, t)∼= C`0(s, t+1)∼= C`(s, t). Whence,
C`0(s, t)∼=

R(2p) if n= 1,7 mod 8
2R(2p−1) if n= 0 mod 8
C(2p−1) if n= 2,6 mod 8
H(2p−1) if n= 3,5 mod 8
2H(2p−2) if n= 4 mod 8 .
(40)
From (40), we infer another useful isomorphism C`0(s, t) ∼= C`0(t,s) which implies that spinor rep-
resentations of real Clifford algebras do not depend on the sign of n. The spinor module is
S∼=

R2p if n= 1,7 mod 8
2R2p−1 if n= 0 mod 8
C2p−1 if n= 2,6 mod 8
H2p−1 if n= 3,5 mod 8
2H2p−2 if n= 4 mod 8 .
(41)
If m is even then so is n. If n = 0 mod 4 then S is reducible and it reduces to the direct sum of two
irreducible chiral spinor modules S±. If n = 0 mod 8, then S± ∼= R2p−1 is irreducible. If n = 4 mod
8, then S± ∼= H2p−2 is irreducible. If n = 2 mod 4, then S ∼= C2p−1 is irreducible. In this case, e1...m
defines a complex structure on PC and the submodule on which e1...m = i is isomorphic to S.
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n 0 1 2 3 4 5 6 7
C (S) 2R R(2) C(2) H 2H H C R
dimRC (S) 2 4 8 4 8 4 2 1
TABLE 1. Schur algebras C (S) and their real dimensions.
If m is odd then so is n. If n = 1,7 mod 8, then S ∼= R2p is irreducible. If n = 3,5 mod 8, then
S∼=H2p−1 is irreducible.
The results of [38, 39] show that every spin-invariant bilinear form c on S obeys
c(ψ,χ) = σc c(χ,ψ) , c(Xψ,χ) = τc c(ψ,Xχ) , (42)
for all ψ,χ ∈ S and X ∈ Rs,t , in terms of some fixed pair of signs σc and τc. The classification
in [38,39] proceeds by establishing a bijection between isomorphism classes of spin-invariant bilinear
forms on S and elements in the Schur algebra C (S) of so(s, t)-invariant endomorphisms of S. These
Schur algebras are isomorphic to the matrix algebras displayed in Table 1 and depend only on n mod
8. In the complex case, the Schur algebras are isomorphic to either 2C for m even or C for m odd,
corresponding to the classes of invariant bilinear forms C described at the end of section 4.1. For each
complex spin-invariant bilinear form C on S there is a corresponding real spin-invariant bilinear form
c on S with the same symmetry properties. Therefore, it will be convenient to assume the same sign
choices made for 〈−,−〉 in both the real and complex cases. Note however that Table 1 illustrates
there are several alternative options for real spin-invariant bilinear forms on S with different symmetry
properties that we shall not concern ourselves with.
5. CONFORMAL SYMMETRY SUPERALGEBRAS
Let S = B⊕F denote the Z2-graded real vector space on which we shall define a Lie superalgebra
structure. The even part B = Xc(M)⊕R, where R is a real Lie algebra with constant parameters on
M. The complexification of the odd part F is isomorphic to either
Sc(M)⊗CW if m is odd
Sc+(M)⊗CV ⊕Sc−(M)⊗CV ∗ if m= 0 mod 4
Sc+(M)⊗CW if m= 2 mod 4 , (43)
where V and W are certain complex RC-modules. V ∗ denotes the dual module of V . W admits a
(skew)symmetric RC-invariant nondegenerate bilinear form b, which provides an isomorphismW ∗ ∼=
W . We shall assume that S is finite-dimensional and therefore take m> 2.
5.1. Brackets. The graded Lie bracket on S is a bilinear map [−,−] : S×S→ S, defined such that
[B,B]⊂B , [B,F]⊂ F , [F,F]⊂B . (44)
These component brackets are defined as follows.
• The skewsymmetric [B,B] bracket is given by [Xc(M),Xc(M)]⊕ [R,R], in terms of the Lie bracket
of conformal Killing vector fields on M and the Lie bracket on R. The mixed [Xc(M),R] contribution
is absent since elements in R are constant on M.
• The skewsymmetric [B,F] bracket is defined such that
[X ,ε] = LˆXε , [ρ,ε] = ρ · ε , (45)
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for all X ∈ Xc(M), ρ ∈ R and ε ∈ F. In the second bracket, · denotes the R-action of ρ .
• The symmetric [F,F] bracket is bilinear in its entries. Whence, one needs only to specify the
bracket of any given element in F with itself in order to extract the general [F,F] bracket. That
is, knowing [ε,ε] for all ε ∈ F allows one to deduce [ε,ε ′], for any ε,ε ′ ∈ F, via the polarisation
1
2 ([ε+ ε
′,ε+ ε ′]− [ε,ε]− [ε ′,ε ′]). In this way, the [F,F] bracket is defined generically by
[ε,ε] = ξε +ρε , (46)
in terms of certain elements ξε ∈ Xc(M) and ρε ∈ R which we will now define.
Let Ξε be defined such that
g(X ,Ξε) =

bi j ε iX ε j if m is odd
ε i+X ε− i if m= 0 mod 4
bi j ε i+X ε
j
+ if m= 2 mod 4 ,
(47)
for all X ∈ XC(M), where ε ∈ FC, relative to a basis {ei} for either V or W . A dual basis {ei} for
either V ∗ or W ∗ is defined such that ei(e j) = δ ij, with ei = bi je
j for W ∼=W ∗. Using (27), one finds
that Ξε ∈ XcC(M). Moreover, Ξε is clearly RC-invariant. The component ξε in (46) is defined as the
real part of Ξε .
Let Πε ∈ RC be defined such that
(Πε ·ψ)i =

α (ε i∇ε j−κ ε j∇ε i)ψ j if m is odd
α (ε i+∇ε− j−κ ε− j∇ε i+)ψ j+β (ε j+∇ε− j−κ ε− j∇ε j+)ψ i if m= 0 mod 4
α (ε i+∇ε+ j−κ ε+ j∇ε i+)ψ j if m= 2 mod 4 ,
(48)
where κ is the sign for which ψXχ = κ χXψ , for all X ∈ XC(M) and ψ,χ ∈ FC. The values of con-
stants α and β will be determined in a moment. Using (17), one finds that Πε is constant. Moreover,
the RC-action onW defined by the first and third lines of (48) preserves b. The component ρε in (46)
is defined as the real part of Πε .
Now let ρε,ε ′ = 12(ρε+ε ′ −ρε −ρε ′), for any ε,ε ′ ∈ F. It is useful to note that the second identity in
(10) implies
ρLˆXε,ε ′+ρε,LˆXε ′ = 0 , (49)
for all X ∈ Xc(M). Furthermore,
[ρ,ρε,ε ′] = ρρ·ε,ε ′+ρε,ρ·ε ′ , (50)
for all ρ ∈ R.
5.2. Conformal invariance. Under a Weyl transformation, the results of section 3 imply that B and
Fmust transform with definite weights wB= 0 and wF = 12 . These weight assignments are compatible
with the graded Lie brackets defined above. Compatibility is trivial for the [B,B] bracket. For the
[B,F] bracket, it follows using (22). For the [F,F] bracket, it follows by checking that ξε and ρε ,
defined in (47) and (48), are Weyl-invariant. For ξε , this is obvious. For ρε , it follows using (26).
Whence, the conformal symmetry superalgebra S should be ascribed to a conformal equivalence class
of metrics on M with fixed spin structure.
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m α β G comment
6 23 ∗ sp(W )
5 35 ∗ sp(W ) dimCW = 2
4 12 −18 gl(V ) dimCV 6= 4
4 12 −18 sl(V ) dimCV = 4
3 23 ∗ so(W ) dimCW 6= 1
TABLE 2. Generic data for complexified conformal symmetry superalgebras.
5.3. Jacobi identities. If S is a Lie superalgebra then the brackets defined above must obey the
graded Jacobi identity. There are four distinct graded components, of type [BBB], [BBF], [BFF]
and [FFF], each of which must vanish identically.
• The [BBB] component vanishes trivially since both Xc(M) and R are Lie algebras.
• The [BBF] component vanishes using Lˆ[X ,Y ] = [LˆX , LˆY ], for all X ,Y ∈ Xc(M), and that V and W
are RC-modules.
• The [BFF] component contains two parts. The part in Xc(M) vanishes using (27) together with the
fact that ξε is R-invariant. The part in R vanishes using (49) and (50).
• The [FFF] component is totally symmetric and trilinear in F. Whence, via polarisation, it is equi-
valent to the condition
Lˆξεε+ρε · ε = 0 , (51)
for all ε ∈ F. Unlike the first three, this final component is non-trivial but can be solved case by
case using the Fierz identities (29), (30) and (31), the symmetry properties of 〈−,−〉 described in
section 4.1 together with the definitions (47) and (48). It is also necessary to make use of the identity
eνρeµ1...µkeνρ = (m− (m−2k)2)eµ1...µk , (52)
in this calculation.
The result is as follows. If m≥ 7, one finds that (51) has no generic solutions for any choice of α and
β . In this context, ‘generic’ just means that (51) is solved without assuming further special properties
for twistor spinors on M. We shall encounter several non-trivial conformal classes of Lorentzian
metrics which admit non-generic solutions with m≥ 7 in section 7. The generic solutions of (51) for
2<m< 7 are summarised in Table 2. In each case, RC<G for a particular type of complex reductive
Lie algebra G. For m= 4, if N = dimCV , the component of RC in the centre Z(gl(V ))∼= C acts with
coefficient 12
4−N
4N in (48), whence RC < sl(V ) if N = 4. For m= 3, if dimCW = 1, then (51) is solved
for any value of α .
5.4. Real forms. Let us conclude this section by providing a more detailed account of the real
structure of conformal symmetry superalgebras. Relative to the complexified construction described
above, this involves taking a real form R of RC and identifying a real structure on FC. We shall con-
sider only those real forms S with F in a real representation of B. At each point in M, FC defined in
(43) involves the tensor product (over C) of a complex irreducible spinor module and an RC-module.
To define a real structure on FC requires the irreducible spinor module and the R-module in F to be
of the same type K.
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kC k type alias
spk(C) spk(R) R
spk+l(C) uk,l(H) H sp(k, l)
slk(C) slk(R) R
slk+l(C) suk,l C su(k, l)
sl2k(C) slk(H) H su∗(2k)
sok+l(C) sok,l(R) R so(k, l)
so2k(C) u∗k(H) H so
∗(2k)
TABLE 3. Real forms of complex semisimple Lie algebras.
m (s, t) g type
6 (3,3) spN(R) R
6 (5,1) sp(N) H
5 (3,2) sp1(R) R
5 (4,1) sp(1) H
5 (5,0) sp(1) H
4 (2,2) glN 6=4(R) R
4 (2,2) sl4(R) R
4 (3,1) u(N 6= 4) C
4 (3,1) su(4) C
4 (4,0) u∗(2N 6= 4) H
4 (4,0) su∗(4) H
3 (2,1) so(N) R
3 (3,0) so∗(2N) H
TABLE 4. Generic data for real conformal symmetry superalgebras.
The real form R is a Lie subalgebra of some real form g of G. Where possible, we shall take g to be
the compact real form of G. Table 3 lists all the real forms k of the relevant complex semisimple Lie
algebras kC, following the nomenclature in chapter 26 of [40]. In each case, the type of the defining
representation of k appears in the third column. The compact real forms in Table 3 (with l = 0) will
be written sp(k), su(k) and so(k).
From the classification of real spinor modules in (41) and the real forms in Table 3, it is straightfor-
ward to match up irreducible spinor modules with g-modules of the same type. The generic data for
the corresponding real conformal symmetry superalgebras in 2<m< 7 is summarised in Table 4. Sig-
natures (s, t) and (t,s) give rise to isomorphic real forms so we have taken s≥ t in Table 4. Note that it
is only possible to take g compact in Euclidean (t = 0) and Lorentzian (t = 1) signatures. However, in
Euclidean signature, g is generically noncompact if m< 5. In the (4,0) case, g is always noncompact
though, if N = 1, only the centre Z(gl1(H)) ∼= so(1,1) is noncompact since sl1(H) ∼= sp(1). In the
(3,0) case, g is noncompact unless N = 1, in which case u∗1(H)∼= u(1).
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n S R F
8 osp8|N(C) spN(C) S+⊗C2N
7 f4(C) sp1(C) S⊗C2
6 sl4|N 6=4(C) glN(C) S+⊗CN
6 psl4|4(C) sl4(C) S+⊗C4
5 ospN|2(C) soN(C) S⊗CN
TABLE 5. Classical complex Lie superalgebras involving spinor representations.
6. COMPARISON WITH NAHM FOR CONFORMALLY FLAT METRICS
Finite-dimensional classical Lie superalgebras over C have been classified by Kac [41] (see also
[42, 43]). Now consider the subclass of all such Lie superalgebras S which contain an son(C) factor
in their even part B and a spinor representation of son(C) in their odd part F. In each case, B =
son(C)⊕R, where R is a reductive Lie algebra over C. For n > 4, the complete list of all non-
isomorphic Lie superalgebras of this type is given in Table 5. Entries in the ‘F’ column denote tensor
product representations of B. The first factor corresponds to an irreducible spinor representation of
son(C) and the second factor corresponds to the defining representation of R. In the ‘F’ column entry
for sl4|N 6=4(C), the centre of glN(C) acts on F with weight 4−N.
Real forms of the classical Lie superalgebras in [41] have been classified by Parker [44]. Up to
isomorphism, the real forms of each complex classical Lie superalgebra are uniquely determined by
the real forms of the complex reductive Lie algebra which constitutes it even part. It is therefore
straightforward to deduce all the real forms s of a given complex Lie superalgebra S of the type
defined in the paragraph above. Now consider all such real Lie superalgebras for which
• The real form r of R is of compact type.
• The real form f of F is in a real representation of the real form b of B.
For 4 < n ≤ 8, the relevant real forms of son(C) are isomorphic to so(k, l), for some k+ l = n. Real
forms b with r compact may therefore be indexed by pairs (k, l). For f to be in a real representation
of b requires that the representation type of both so(k, l) and r factors must be the same. That is, they
must both be of the same type K in order to equip f with a real structure.
For n> 4, the complete list of all non-isomorphic real Lie superalgebras meeting the two conditions
above is given in Table 6. It is precisely this classification that was obtained by Nahm in [32]. The real
forms associated with pairs (k, l) and (l,k) give rise to isomorphic real Lie superalgebras and so we
present them with k> l. Entries in the ‘f’ column denote particular real forms of tensor product (over
C) representations of b which are defined as follows. Given a pair of quaternionic representations W
and W ′, equipped with quaternionic structures J and J′, then J⊗J′ defines a real structure on W ⊗W ′
and [W ⊗W ′] denotes the real representation induced on the fixed points of J⊗J′ on W ⊗W ′. On
the other hand, given a complex representation V , [[V ]] denotes the real representation obtained by
restricting scalars from C to R.
Let us now review the interpretation of some of these real Lie superalgebras as conformal superalgeb-
ras. The Lie algebra of conformal isometries of Rs,t is isomorphic to so(s+1, t+1). Therefore, the
three real Lie superalgebras VIII′, VIII′1 and VII
′
1 in Table 6 cannot be associated with conformal
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n s r f (k, l) type Nahm label
8 osp(6,2|N) sp(N) [S+⊗HN ] (6,2) H X
7 f(4)′′ sp(1) [S⊗H] (5,2) H IX2
7 f(4)′ sp(1) [S⊗H] (6,1) H IX1
6 su(2,2|N 6= 4) u(N) [[S+⊗CN ]] (4,2) C VIII
6 psu(2,2|4) su(4) [[S+⊗C4]] (4,2) C VIII1
6 su(4|N 6= 4) u(N) [[S+⊗CN ]] (6,0) C VIII′
6 psu(4|4) su(4) [[S+⊗C4]] (6,0) C VIII′1
5 ospN|2(R) so(N) S⊗RN (3,2) R VII
5 osp(2|1,1) u(1) [S⊗H] (4,1) H VII1
5 osp(2|2) u(1) [S⊗H] (5,0) H VII′1
TABLE 6. Real Lie superalgebras with n>4 in Nahm’s classification.
superalgebras for Rs,t . Moreover, those which remain can only be identified with conformal super-
algebras for Rs,t in either Euclidean (l = 1) or Lorentzian (l = 2) signature. In Euclidean signature,
only two real Lie superalgebras IX1, VII1 in Table 6 can describe conformal superalgebras in dimen-
sions s+ t = 5,3. In Lorentzian signature, the remaining five real Lie superalgebras X, IX2, VIII
(VIII1) and VII in Table 6 describe the conformal superalgebras for Minkowski space in dimensions
s+ t = 6,5,4,3. On any Riemannian or Lorentzian spin manifold M with conformally-flat metric
g in dimension m > 2, each real conformal symmetry superalgebra S in Table 4 with g compact is
isomorphic to one of the conformal superalgebras in Table 6.
7. SOME NON-TRIVIAL EXAMPLES IN LORENTZIAN SIGNATURE
The general structure of conformal isometries for manifolds admitting a twistor spinor is extremely
complicated. Thus, rather than attempting to classify conformal symmetry superalgebras, we shall
instead conclude with some non-trivial examples for Lorentzian manifolds which admit a twistor
spinor. Before doing so, let us first briefly dispatch the Euclidean case in the paragraph below.
Up to local conformal equivalence, the classification of Riemannian manifolds M with m ≥ 3 which
admit a nowhere-vanishing twistor spinor ε is conceptually straightforward. The results of [45, 46]
imply that each conformal class of metrics on any such M contains a unique representative that is
Einstein with constant non-negative scalar curvature. If the constant scalar curvature is zero then ε is
parallel. The classification of all complete simply connected irreducible non-flat Riemannian mani-
folds which admit a parallel spinor is due to Wang [47]. If the constant scalar curvature is positive
then ε is a Killing spinor. The Killing constant of ε is either real or imaginary. The classification of all
complete simply connected irreducible non-flat Riemannian manifolds which admit a Killing spinor
with real/imaginary Killing constant is due to Baum [48]/Bär [49]. Whence, conformal Killing su-
peralgebras for Riemannian manifolds admitting a twistor spinor correspond to Killing superalgebras
generated by Killing spinors, but for the inclusion of a non-trivial R-symmetry.
For any Lorentzian spin manifold M, there exists a spin-invariant non-degenerate pseudo-Hermitian
inner product (−,−) on S(M), which obeys
(ψ,χ)∗ = (χ,ψ) , (Xψ,χ) =−(ψ,Xχ) (53)
16 DE MEDEIROS AND HOLLANDS
for all ψ,χ ∈S(M) and X ∈ X(M), where ∗ denotes complex conjugation.
In general, this inner product is distinct from the bilinear form 〈−,−〉 defined in section 4. How-
ever, in cases where the complex spinor bundle on M admits a complex-antilinear automorphism
B which squares to ±1 (i.e. a real or quaternionic structure), then one can identify 〈−,−〉 with
(−,B−) provided B is compatible with the pseudo-Hermitian structure defined by (−,−). This re-
quires 〈Xψ,χ〉 = −〈ψ,Xχ〉, for all X ∈ X(M) and ψ,χ ∈ S(M). From section 4, we recall that
one can always choose a bilinear form with this property on the complex spinor bundle except when
m= 1 mod 4.
To any ψ ∈S(M), one can assign a vector field ζψ defined such that
g(X ,ζψ) =−i(ψ,Xψ) , (54)
for all X ∈ X(M). The vector field ζψ is known as the Dirac current of ψ . It is readily verified that
ζψ ∈ Xc(M) if ψ ∈Sc(M). From (53), it follows that ζψ is real and has strictly non-positive norm.
Moreover, ζψ is null only if ζ ψψ = 0 and (ψ,ψ) = 0. It is worth noting that the Dirac current ζψ is
nowhere-vanishing only if the same is true of ψ .
Let us also assign the function
ςψ = (ψ,∇ψ) , (55)
to any ψ ∈S(M). If ψ ∈Sc(M) and ςψ is real then it is also constant on M, using (53) and the first
identity in (17). If ζψ is a Killing vector then ςψ is real.
Up to local conformal equivalence, the classification of simply connected complete Lorentzian mani-
folds M with m≥ 3 which admit a nowhere-vanishing twistor spinor ε can be found in [30, 31].
If ε is parallel then M can always be decomposed into the direct product of irreducible non-flat
Riemannian manifolds (each of which must admit a parallel spinor) and a certain Lorentzian manifold
L. If ζε is timelike, then L is locally isometric to Minkowski space. If ζε is null, then L is locally
isometric to a Brinkmann-wave.
If ε is not parallel then M is locally isometric to either
• A Lorentzian Einstein-Sasaki manifold.
• A Fefferman space.
• The direct product of a Lorentzian Einstein-Sasaki manifold and an irreducible non-flat Riemannian
manifold which admits a Killing spinor (with imaginary Killing constant).
Let us now consider each of these cases in turn.
7.1. Brinkmann waves. By definition, a Brinkmann-wave L is a Lorentzian manifold which admits
a parallel null vector field v. This vector field defines a flag of subbundles Rv ⊂ v⊥ ⊂ TL, where
v⊥ = {X ∈ X(L) |g(X ,v) = 0}. The metric induced from g on the bundle E = v⊥/Rv is Riemannian
and let Hol∇(E) denote the holonomy group of the associated Levi-Cività connection on E. If L has
dimension l then, at each point in L, Hol∇(E) is a Lie subgroup of Spin(l− 2) which preserves a
spinor on E. The holonomy group Hol∇(L) of the Levi-Cività connection for a Brinkmann-wave L
which admits a parallel spinor is isomorphic to Hol∇(E)nRl−2. A Brinkmann-wave with Hol∇(E)
trivial is called a pp-wave.
Any twistor spinor ε on a Brinkmann-wave is necessarily parallel and obeys vε = 0. For any pair
ε,ε ′ ∈ Sc(L), the vector field ξε,ε ′ (defined by (25)) is parallel and orthogonal to v. Given an-
other null vector field u with g(u,v) = 1, which always exists locally, it follows that g(X ,ξε,ε ′) =
g(X ,v)g(ξε,ε ′,u) for any X ∈ X(L), using 12(uv+ vu) = 1 and that ε and ε ′ are in the kernel of v.
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Consequently, ξε,ε ′ = g(ξε,ε ′,u)v, implying that ξε,ε ′ and v are collinear. Whence, since they are both
parallel, ξε,ε ′ = cv for some c ∈ R. Furthermore, the R-symmetry parameter ρε,ε ′ (defined above
(49)) vanishes identically since ε and ε ′ are parallel.
Thus F is spanned by parallel spinors on a Brinkmann-wave and [F,F] spans Rv, which is a central
element in the conformal symmetry superalgebra. Clearly this rather trivial type of conformal Killing
superalgebra associated with a Brinkmann-wave can be constructed in any dimension, solving as it
does the Jacobi identity (51) in a trivial manner. In this sense, we consider it a non-generic solution
relative to the analysis in section 5.
7.2. Lorentzian Einstein-Sasaki manifolds. From proposition 3.2 in [28], it follows that M is loc-
ally isometric to a Lorentzian Einstein-Sasaki manifold (with Lorentzian Einstein-Sasaki structure
ζε ) whenever m is odd and M admits a twistor spinor ε such that
• ζε is a timelike Killing vector field.
• ζ εε = µε , for some non-zero constant µ .
• ∇ζεε = λε , for some non-zero constant λ .
Comparing what one gets by acting with ζ ε and (ε,−) on the second condition above fixes µ =
−i(ε,ε) to be an imaginary constant. Whence, the norm of ζε is −(ε,ε)2. Acting with (ε,−) on the
third condition above fixes λ = − imςε , in terms of the real constant ςε associated with ε defined in
(55).
From these properties, it follows that Lˆζε ε = (
m+1
2 )λε =−i(m+12m )ςεε . Whence,
Lˆζεε+ iρεε = 0 , (56)
provided
ρε =
(
m+1
2m
)
ςε . (57)
For m= 3,5, the coefficient in (57) matches precisely the one derived from Table 2 when N = 1. Fur-
thermore, (57) prescribes a conformal symmetry superalgebra for Lorentzian Einstein-Sasaki mani-
folds with m= 3+4k and N = 1, for any positive integer k.
7.3. Fefferman spaces. Subsequent to their original construction within the context of CR geometry,
Fefferman spaces have since been found to admit several more convenient characterisations [28, 50–
52]. From proposition 3.3 in [28], it follows that M is locally isometric to a Fefferman space whenever
m is even and M admits a twistor spinor ε such that
• ζε is a regular null Killing vector field.
• ζ εε = 0.
• ∇ζεε = λε , for some non-zero constant λ .
At least locally, there must exist a vector field θ on M with g(θ ,ζε) 6= 0. Acting with (θ ε,−) on the
third condition above fixes λ =−2imςε , using ζ εε = 0.
From this it follows that Lˆζε ε = (
m+2
4 )λε =−i(m+22m )ςεε . Whence,
Lˆζεε+ iρεε = 0 , (58)
provided
ρε =
(
m+2
2m
)
ςε . (59)
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For m = 4,6, the coefficient in (59) matches precisely the one derived from Table 2 when N = 1.
Furthermore, (59) prescribes a conformal symmetry superalgebra for Fefferman spaces with m > 6
and N = 1. Any such conformal symmetry superalgebra is isomorphic to the conformal Killing
superalgebra of a Fefferman space on which there is only one linearly independent chiral projection
of any given twistor spinor (e.g. as is the case for m= 0 mod 4).
7.4. Direct products. Let M = L×R, where L is a Lorentzian Einstein-Sasaki manifold and R is
an irreducible non-flat Riemannian manifold which admits a Killing spinor (with imaginary Killing
constant). The dimension l of L is odd and let r denote the dimension of R. Any such R is necessarily
Einstein with non-negative scalar curvature. Recall that any Einstein three-manifold has constant
curvature and is locally conformally flat.
Let gR denote the Riemannian metric on R. The metric cone of R is the manifold C(R) = R+×R
with metric dt2+ t2gR, where t ∈ R+. The characterisation due to Bär [49] establishes that R admits
a Killing spinor (with imaginary Killing constant) if and only if C(R) admits a parallel spinor. If R is
complete, it follows from [47, 53] that Hol∇(C(R)) must be either SU( r+12 ), Sp(
r+1
4 ), G2 (if r = 6),
Spin(7) (if r = 7) or trivial. In these cases, R is respectively Einstein-Sasakian, 3-Sasakian, nearly
Kähler, weak G2 or a sphere.
Thus, if R is not locally isometric to a sphere then m≥ 8. For m= 8, L must have dimension three and
R must be an Einstein-Sasaki five-manifold. For m = 9, L must have dimension three and R must be
nearly Kähler. For m= 10, if L has dimension five then R must be an Einstein-Sasaki five-manifold.
Alternatively, if L has dimension three then R must be either Einstein-Sasakian, 3-Sasakian or weak
G2.
Let us first consider the case where R has odd dimension. Since m is even, with both l and r odd,
the Clifford algebra C`(m−1,1) can be decomposed in terms of the C`(2,0)⊗C`(l−1,1)⊗C`(r,0)
subalgebra in the tangent space of M = L×R. This allows one to express
X =
(
0 −i
i 0
)⊗X L⊗1R+ (0 11 0)⊗1L⊗X R , (60)
for all X = (XL,XR) ∈ X(M).
The ± eigenspaces of
Ω =
(
1 0
0 −1
)⊗1L⊗1R , (61)
contain chiral projections of the form
ε+ =
(
1
0
)⊗ εL⊗ εR , ε− = (01)⊗ εL⊗ εR , (62)
for all ε ∈ S(M), where εL ∈ S(L) and εR ∈ S(R) are both Killing spinors. If ∇XLεL = µ X LεL,
for all XL ∈ X(L) and some µ ∈ R, then it is straightforward to check that ε± ∈ Sc±(M) only if
∇XRεR = ±iµ X RεR, for all XR ∈ X(R). Whence, ε± cannot both be twistor spinors on M unless
µ = 0. Henceforth, we shall take ε+ ∈Sc+(M) with µ 6= 0.
The properties above imply
• ζε+ is a null Killing vector field.
• ζ ε+ε+ = 0.
• ∇ζε+ε+ = 2iµ (εL,εL)(εR,εR)ε+.
From this it follows that Lˆζε+ε+ = (
m+2
4 )∇ζε+ε+ =−i(
m+2
2m )ςε+ε+. Whence,
Lˆζε+ε++ iρε+ε+ = 0 , (63)
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provided
ρε+ =
(
m+2
2m
)
ςε+ . (64)
For m = 4,6, the coefficient in (64) again matches precisely the one derived from Table 2 when
N = 1. Furthermore, (64) prescribes a conformal symmetry superalgebra for higher-dimensional
direct product spaces M = L×R with r odd and N = 1.
If R has even dimension then it must be either nearly Kähler or an even-dimensional sphere. Since m
is odd, with l odd and r even, the Clifford algebra C`(m− 1,1) can be decomposed in terms of the
C`(l−1,1)⊗C`(r,0) subalgebra in the tangent space of M = L×R. This allows one to express
X = X L⊗ΩR+1L⊗X R , (65)
for all X = (XL,XR) ∈ X(M). Moreover,
ε = εL⊗ εR , (66)
for all ε ∈S(M), where εL ∈S(L) and εR ∈S(R) are both Killing spinors. If ∇XLεL = µ X LεL, for
all XL ∈ X(L) and some µ ∈ R, then it is straightforward to check that ε ∈Sc(M) only if ∇XRεR =
µ X RΩRεR, for all XR ∈ X(R). This condition on εR is equivalent to ε+R ± iε−R being Killing spinors,
with imaginary Killing constants ±iµ , where ε±R = 12(1R±ΩR)εR.
The properties above imply
• ζε is a null Killing vector field.
• ζ εε = 0.
• ∇ζεε = 2iµ (εL,εL)(εR,εR)ε .
From this it follows that Lˆζε ε = (
m+2
4 )∇ζε ε =−i(m+22m )ςεε . Whence,
Lˆζεε+ iρεε = 0 , (67)
provided
ρε =
(
m+2
2m
)
ςε . (68)
In this case, (68) prescribes a conformal symmetry superalgebra for higher-dimensional direct product
spaces M = L×R with r even and N = 1.
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